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a Testing Two Simple and Two Composite Hypotheses (iid Case)
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Testing Two Simple Hypotheses (iid Case)

@ Xi,Xo,... is a sequence of iid observations, and py(x) is a density (parametrized
by a parameter 0)

@ Wald’s SPRT (1943-47) 6" = (T*,d") for testing a simple null hypothesis
Hy : 0 = 0, against a simple alternative H; : 0 = 0, :

T* (Ao, A1) =inf{n > 1: A,(60,01) & (Ao,A1)}, 0 < Ap < 1 <Ay (two thresholds)
g 1 (H, is accepted) if Ar«(6o,6:) > A,
| 0 (Ho is accepted) if Az« (6o,0:1) < Ao

A6, 61 H”91 Xk _ Likelihood Ratio (LR)
k=1 Peo

@ SPRT’s Remarkable Optimality Property: Minimizes both ESSs E4,T and Ey, T
in the class of tests
C(ao,00) ={d = (T,d) : Po,(d =1) < a,Pg,(d =0) < a1}, o+ < 1

whenever the thresholds A;(«o, 1) can be selected so that o = « .
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Issues/Problems/Extensions to be Considered

@ While the SPRT has this remarkable optimality property in the iid case there are
several problems and extensions that are dictated by various applications:

@ How to select thresholds A;(ao, a1) to guarantee exact or almost exact equalities
af = «;? The overshoot problem: renewal-theoretic considerations and
Siegmund’s Brownian motion approximations.

© The true parameter value is usually unknown and putative values 6, and ¢, are
rarely representative in applications, so one needs to address composite
hypotheses, in which case the SPRT is not optimal anymore. Associated
problems: Kiefer—Weiss, Invariant tests, Uniformly asymptotically optimal tests
(Generalized LR, Mixtures).

© What if the observations are non-iid? SPRT’s optimality still holds when the LLR
A = log A, is a random walk, which is always the case for iid models, but rarely for
non-iid (some examples will be considered later on).

© Generalization to multiple decision problems (multi-hypotheses tests) for iid and
non-iid models — simple hypotheses.

@ Generalization to multiple decision problems (multi-hypotheses tests) for iid and
non-iid models — composite hypotheses.
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Critique of the SPRT: Composite Hypotheses

@ Even though Wald’s SPRT has the remarkable optimality property of minimizing
the ESS at the putative values 6; of the parameter 6 to which it is tuned, it losses
the optimality property for the values of 6 other than 6;

o Example: Testing for the mean of the normal population X, ~ N'(6, 1), Hy : 6 < 6,
vs. H; : 6 > 0, with the indifference interval Ii, = (6o, 6:)

@ The SPRT still has some useful optimality properties since supg, EoT" = Eo,T",
supg, o (0) = (), so that it is minimax.

@ However, in the indifference zone the situation changes dramatically:
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Figure: SPRT’s ESS versus 6 for « = 0.001, 6y = 0,6, = 0.5. The horizontal line
corresponds to the fixed sample size of the NP test.
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Testing Two Composite Hypotheses

@ Wald’ 43,47 proposed two approaches for modifying the SPRT to test composite
hypotheses Hy: 0 € ©yand H, : 0 € O;:

@ Weighted SLRT (WSLRT) often referred to as mixtures
(Ao, A1) = inf {n: Ay & (A0 A}, Ay = Jo, wi(0) HE:IP@(Xk)dQ CWLR
Jo, o(0) TTi—, po(Xc)do
@ Generalized SLRT (adopted from classical fixed-sample size theory)
sWpgpco, [1i—1 Po(Xk)
supgeo, [ Ti—1 Po(Xk)
@ The upper bounds on the average error probabilities of the WSLRT:

T(Ao, A1) = inf{n ‘A, g (AO,A])}, Ay =

—GLR

/Po(azl)wo(e)degl/Al,/ Po(d = 0)w1(0) 0 < Ao
[Sh)

O

@ Frequentists would strongly prefer to upper-bound the maximal error probabilities:

C(ao, 1) ={d: sup Po(d =1) < ao, sup Pg(d =0) < au}
€0, SO

@ Itis not clear how to obtain the upper bounds on maximal error probabilities of
WSLRT and GSLRT
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e Hypothesis Testing with Indifference Zone
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Hypothesis Testing with Indifference Zone: Frequentist Formulation

@ The (-dimensional vector parameter § = (6,,...,60,) € © C R, and the
hypotheses are H; : § € ©,,i = 0, 1, where ©; are disjoint subsets of ©

@ Indifference zone I, (i.e., © = ©y + ©, + I;y): No constraints on the probabilities
of errors imposed in Tiy,.

@ The indifference zone, where any decision is acceptable, is usually introduced
keeping in mind that the correct action is not critical and often not even possible
when the hypotheses are too close, which is perhaps the case in most, if not all,
practical applications

@ The loss L(6) associated with wrong decisions is 0 if 6 € I, and positive and
nondecreasing for 6 € ©) + 6,
@ “Simple” (0 — 1) loss function: L(0) = ljsco,+0,}

@ Then we may ask if there are tests that would minimize the ESS E,T uniformly for all
0 € © in the class C(wy, o) (of course approximately/asymptotically since strictly
uniformly optimal tests do not exist): Find a test T, such that asymptotically

inf  Eg[T]/Eg[To] ~1 asap, oy —0foralld € ©
seC(ag,ar)

or more generally minimizes asymptotically higher moments
inf  Eg[T"]/Eg[Tp] ~1 asag,ay —0foralld e O, r>1
5€C(ag, o)
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Hypothesis Testing with Indifference Zone: Bayesian Formulation

@ Many (especially early) works, starting with the seminal papers of Schwarz’62
and Kiefer&Sacks’63, deal with Bayesian problems.

@ Put prior W(6) on © with the cost ¢ per observation and a loss function L(#) at the
point 6 associated with accepting the incorrect hypothesis, then the Bayes
(integrated) risk of a sequential test 6 = (T, d) is

o (8) = /@ L(6)c (8,0)W(d6) + /@ L(0)on (8,0)W(d6) + /@ Eo[T]W(d0)

@ Consider a one-parameter exponential family py(X,) = ¢~ hypotheses
Hy : 0 < 6y, Hy : 0 > 6, and zero-one loss. Then, using optimal stopping theory, it
can be shown that the optimal decision-making strategy do = (70, do) is

=inf{n>1:(S,n) € B}, do=0 if (Sp,n) € B, do=1 if (S,,n) e B,

where S, = X, + --- + X, and B. = B? U B! is a set that can be found numerically.
@ Note that the a posterioririsk of stopping is

{ fe exp {68, — nb(0)} W(do) }

Ry (Sy) = Jo exp {08, — nb(0)} W(d6)
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Schwarz’s First-Order Bayes Asymptotic Theory

@ Schwarz’62 proposed a simple procedure: continue sampling until the posterior
stopping risk R;'(S,) is greater than c, i.e., stop at 7'(c) = inf {n : R)(S.) < c}

@ Applying Laplace’s asymptotic integration method to evaluate the integrals lead
Schwarz to an approximation that prescribes to stop sampling at the time
T(0) = min(Ty(0), T1(6)), where

~ ! 5 (X
T;(0) :inf{n} 1: Zlogl;':n((xf)) >logc‘1}, i=0,1

k=1

and 6, = sup,. [1{—, po(X) is the MLE, i.e., to the GSLRT 4.

@ Kiefer&Sacks’63 showed that the quasi-Bayesian procedure 6(c) = (T(c), d(c))
(initially proposed by Schwarz) is first-order asymptotically Bayes:

ol (8(c)) ~ il}fva((s) as ¢ — 0 for any prior .

@ Wong’68 proved that Schwarz’s GSLRT 4 is also first-order asymptotically Bayes:

o' (8) ~ inf o (9) ~ clloge] | W d(’ . EofT] ~ IH%E% for every 6 € ©,
where I, (0) = max {I(0, 60),1(6,01)}, 1(6,0;) = Egllog ;9(())‘(‘))} KL numbers.
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Lorden’s Higher-Order Bayes Asymptotic Theory

@ Lorden’72 and Lorden’77 (unpublished) refined previous Bayesian results first
to second order (O(c)) and then to third order (o(c)) for testing separated
hypotheses Hy : < 0 < 6o, H; : 6 > 6 > 6,, showing that the family of GSLRTSs as
well as WSLRTs (mixtures) can be designed so as to attain the Bayes risk to
within o(c) (i.e., third order asymptotic optimality).

@ Lorden’s GSLRT stops at 7 = min {ﬁ), T }

?O(é)—inf{ 12 { o :|ZIQgc_l_éloglogc_l_logh,'(én)},
k
k=1

h(é )= 271'I(én7 0:) W(9n)|i9(én) — b(91)|
o b(6,) w(0:)C(6n, 6:)

where ((6, 6;) is a correction for the overshoot over the boundary, the factor which
is the subject of renewal theory,

el S0

’ i:0717

C(ev ‘91') =

< 0) 4+ Po, (Aa(6,0;) > 0)}}

:\'—‘

1(0,

n=1

(M(6,6) = > ]log[”"(xk)]lstheLLR)

Po; (X,
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Lorden’s Higher-Order Bayes Asymptotic Theory (Cont)

@ Asymptotic Optimality Results:

@ The family of GSLRTs with adaptive weights /; with correction for the overshoot is
third-order asymptotically Bayes:

pr(8) = inf p}'(8) +o(c) ase— 0.

@ If the correction for the overshoot is not performed, then the GSLRT is second-order
asymptotically optimal:

oY (8) = inf p}'(8) + 0(c) asc—0

@ Crucial difference between Schwarz’s and Lorden’s GSLRTSs:
@ In Schwarz’s test #; = 1 and the threshold a = log ¢~ !:

Tw(0) = mf{ 1: A6, 6)) = 1ogc*1}

o In Lorden’s test there are two innovations: the boundaries are 1) reduced by
% loglog c—! and 2) curved and adaptive (depend on the behavior of the MLE 6,,) ,

1nf{ s 9,1,9) 10gc’1 - %loglogc’l — loghi(é,l)} , i=0,1.

@ Namely these both innovations make this modification of the GLR test nearly
optimal.
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Implementation Issues of Lorden’s GSLRT

@ Implementation Issues: Implementation of Lorden’s fully optimized tests is
problematic since usually computing the overshoot correction numbers ((6, 6;) is
not possible analytically except for some rare cases.

@ For example, in the Gaussian case (testing the mean) these numbers can be
computed only numerically.

@ Therefore, for practical purposes only partially optimized solutions, which provide
O(c)-optimality, are feasible.

@ A way around is a discretization of the parameter space and implementation of
discrete versions (will be discussed later).
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0 Hypothesis Testing with and without Indifference Zone (Unified Theory)
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Testing without Indifference Zone: Chernoff’s Asymptotic Theory

@ Limitations of the Schwarz—Lorden Asymptotic Theory:
@ Assumes a fixed indifference zone that does not allow for local alternatives, i.e.,
A = 6; — 6y cannot approach 0 as ¢ — 0, i.e., is limited to the case where the width of
the indifference zone A is considerably larger than ¢!/2
@ Chernoff’65 considered the problem with no indifference zone Hy : 6 < 6, against
Hy : 0 > 6y and with the loss L(0) = |0] for the problem of testing the mean of a
normal distribution, X, ~ N(0, 1)
@ Derived a different and more complicated approximation to the Bayes test, which
exploits a curved, time-varying boundary a(cn) such that

1

_ 1 _
a(t) = logt +§10glogt "+0(1) ast—0

@ This is opposite to Schwarz’s test where a = log clis constant and Lorden’s test
where the boundaries a;(c,6,) = logc™' — 1 loglogc™" — loghi(6,) are adaptive but
stabilize when n becomes large

@ As a result, setting 6y = 0, in Schwartz’'s and Lorden’s tests does not yield
Chernoff’s test

@ This is frustrating since intuitively the Bayesian test with indifference zone should
approach the Bayesian test without indifference zone as 6, — 6,
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Testing with and without Indifference Zone: Lai’s Unified Bayes Theory

@ Lai’88 suggested a unified solution that marries both problems (with and without
the indifference zone) replacing the constant threshold a = |log c| in Schwarz’s
test by the time-varying boundary a(cn)

@ Lai’s GSLRT 6.(0) = (7.(0),d.(0)):

7.(0) = inf{n > 1: nmax[I(6y, 00),1(6,,01)] > aw(cn)},

where
a(t) = [h(r) + 71]2/217 v = (6, — 90)[5(90)/6]1/2/2’

1
h(r) = \/21 (logt" + %loglogt—1 — Elog47r+0(1)> ast—0

o Itis seen that a, (1) ~ logt~' as t — 0, similar to Chernoff’s bound
@ Moreover, setting 6, = 6, yields the stopping time of Chernoff’s test

T. = inf{n > 1: nl(6,,00) > ao(cn)}

with ao(cn) = h*(cn) /2t = logt™" + Lloglogt™"' + O(1)
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First-Order Optimality of Lai’s GSLRT

@ Lai's GSLRT is asymptotically first-order Bayes:
© Indifference zone: For fixed 6y, 6,, as ¢ — 0
(d0)

o
Pl (50) ~ int ! (5) ~ el toge] [ ,
mx (0)

Imax(0) = max {I1(0,6),1(0,0,)}

log arg(dc) ~ log a1 (8) ~ logc
© No indifference zone: If c — 0 and 6; — 6, such that A, = ¢/(6; — 6,)> — 0 and
W(6) has positive continuous density w(6) in a neighborhood of 6y, then
8w (6)
b(60)
log ap(8.) ~ log vy (&) ~ log A..
@ All these results can be generalized to the multi-dimensional exponential family,
po(X,) = e’ %) (for testing H; : 0 € ©,) and the GSLRT of the form

pL(be) ~ inf p (8) ~ (A0)'?|log Al

T:inf{n} 1:max A\, > (cn)},

i=0,1

Zlogpe (Xk) — sup Zlogpg (Xk) =n 1nf 1(9,,,0)

‘kl

1(0,0) = Ey {log %] = (0—0)TVb(0) — (b(6) — b(B))
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Back to the Frequentist Problem

@ All previous versions of GSLRTSs are first-order uniformly asymptotically optimal
wrt the ESS in the class C(ao, o) as aw — 0:

| log for all 6 in a bounded subset © of ©

56(:%25»041) EO[T} E9 [T(Q)] Imax (9)
@ Note that this result assumes asymptotically symmetric case
logap ~ logay ~ loga, i.e., logao/logar ~ 1
@ This result can be generalized to the ¢-dimensional exponential family and
asymptotically asymmetric case (extending Schwarz’s, Lorden’s and Lai’s tests to
two different thresholds with ¢; = o) logap/loga ~ 7,0 < v < 00 @S amax — 0:
—1

s anf : EoT = EoT(1 4 O(loglog amyy /108 ey ))) forall 6 € ©
€C(ap,a

and

Eo[T(6)] ~ min [loga] _ : [logan| _ uniformly for all 9
inf;cq, 1(0,0) infyeq, 1(0,0)

@ Asymptotic approximations can be obtained for error probabilities using
large/moderate deviation theory

sup &(0) ~a"?e7"C;, i=0,1 asa— oo,
0€0;

but still there are no upper bounds!
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Alternatives to GSLRT

@ The ¢-dimensional parameter 8 = (0, ...,6,) € © C RY; hypotheses are
H,»:He@i, i=0,1, O=0)+0,+1
@ Weighted LR (mixture) Statistics

A — f@ [T;— po(Xx) W(dO) i—0.1
! f@; [Ti=, po(X)Wi(d0) '

where W(0), W;(0) are weight functions not necessarily normalized to 1.
@ Adaptive LR Statistics (4, — MLE or another reasonable estimate)
- [Tiz s, (Xk)

A, = 7 ;o 1=0,1
SUPgco, Hk:1P9 (Xx)

@ Remark: The adaptive LR exploits one-stage delayed estimates s (X1, ..., Xi_1)
— a non-anticipated approach of Robbins and Siegmund’70
@ WSLRT § = (7,d) and ASLRT § = (T, d):

T, :inf{n >

—
=3
0
>
-
WV
8
—
~
I
2
=8
s
=
Ul
I
i
I

7, :inf{n> 1:log Al >a,-}, T =min(fo, 1), d=iif T=17
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Maximal Error Probabilities for WSLRT and ASLRT

@ Advantage of the adaptive LR over mixed LR and generalized LR:

HZ:lPék,l (Xi) Po,_, (Xn)
[Ti—) po(Xx) po(Xa)
is a martingale with unit expectation under Py (like usual LR), so it is a valid LR

process, and as a result we may obtain simple upper bounds on the error
probabilities using Wald’s likelihood ratio identity Eq[A7r(0) I{7<o0y] = 1.

@ Upper Bounds on Maximal Error Probabilities of ASPRT:

Au({6i},0) = = A1 ({66}, 6) x

sup Po(d # i) < e, i.e., a =log(1/a;) implies § € C(ap, a)
6cO;

@ Asymptotic Approximations for Maximal Error Probabilities of WSLRT:

sup Pe(Ei #i)~e “C, i=0,1 asa — oo,
0e6;

but there are no upper bounds in general.
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Asymptotic Optimality of WSLRT and ASLRT

@ While asymptotic optimality holds under quite general conditions it is instructive to

focus on the ¢-dimensional exponential family, po(X,) = ¢/~ in which case
both tests minimize all positive moments of the sample size

@ Define 1;(0) = infy.e [(0 — 0) " Vb(0) — (b(0) — b(6))], the minimal KL distance
between the point § ¢ ©; and the subset ©;

WSLRT/ASLRT Asymptotic Optimality

Theorem

If the thresholds a; are so selected that sup,.o. Po(d # i) < oy and a; ~ log(1/cy), in
particular a; = 1/«; for ASLRT, then for all r > 0 uniformly in 6 € © as max (g, ;) — 0

|log awg| [log o

inf EgTr ~ EgTr ~ EgTr ~ min{ } for all 6 € I,

8E€C(ag, 1) Ih(0) ' L(0)
inf  EoT" ~ EoT" ~ EoT" ~ { ¥y } forall 6 € ©;, i=0,1
8€C(ag,ap) 11(9)

Consequently, the WSLRT and the ASLRT minimize asymptotically all moments of the
sample size uniformly in 6 € © in the class of tests C(a, cv1).

o

@ For the ASLRT and r = 1 this result can be derived from Pavlov’90 and
Dragalin&Novikov’99 who considered multihypothesis tests.
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Example 1: Testing for Normal Mean with Unknown Variance

@ X, ~ N(u,0%),Ho: p =0,H; : ju > w1, variance o> > 0 is a nuisance parameter,
and 0 = (u,0°),

52 o2 NU 1250 — o’
)\(99) 10g( >+2222Xk+ ,,22 ZX—WI’!

@ It can be verified that conditions of Theorem hold with

Ii(g) = Ylog[l + (¢1 —q)°], 0<qg<a
I(g) = Ylog(1+4¢°), q>0

where ¢ = u/o,q1 = pi/o.
@ By Theorem, WSLRT and ASLRT minimize all moments of the stopping time
uniformly in 6 and

inf  EgT" ~ EgT’ ~ EpT" ~ {

{2[log ai|/log[1 + (q1 — ¢)*]}" if O
SeC (v, ) q

{2[log o/ log[1 + ¢’} if

[log oy _ _llogay|
log[1+(g1—¢)?] log(14¢%)

where ¢* is the solution of the equation
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The Kiefer-Weiss Problem: Minimizing Maximal ESS

o Kiefer&Weiss’57; Weiss’62: Since SPRT has poor performance in the
indifference zone, instead of minimizing ESS at the points 6; minimize at the worst
point 6*,

inf supEeT = inf EgT
seC(ag,a1) pcoO S€C(ag, 1)

which is usually in the indifference zone.

@ Kiefer and Weiss showed that this problem is equivalent to a Bayes problem that
can be solved exactly (at least for the one-parameter exponential family) using
Bellman’s backward induction.

@ Lorden’76 proposed an asymptotically optimal (very efficient) procedure, 2-SPRT,
which is based on a parallel running of two one-sided SPRTSs tuned to 6, 6, and
9*, 0

=inf{n: N(0",0)) >}, Ti=inf{n:\.(0%,0) > ao}
T* =min(Ty, Th), d" =i if T"=T,

@ 2-SPRT Asymptotic Optimality: If ¢; = | log o], then for all > 0

inf Eg* T ~ Eg* [T*(G*)]r ~ [n*(@*)]’ as omax — 0
§€C(agp,aq)

where 0* satisfies equation
[logau| _ |loga

1(9*,90) - 1(9*,91)
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Jack Carl Kiefer 19241981

@ International leader in math statistics and the foremost worker in optimal experiment design,

as well an authority in mycology.
@ Quite a few fundamental works in sequential analysis (strongly influenced by Wald and

Wolfowitz)

@ Advisor to many students who became famous scientists in statistics in general and
sequential analysis in particular: Jerome Sacks, Gary Lorden, Larry Brown, Richard
Schwartz, efc.
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Some Concerns

@ Question 1: Does it make sense to optimize in the worst case scenario and as a
result to obtain a very efficient procedure at a specific point if uniformly
asymptotically optimal solutions such as GSLRT, WSLRT, and ASLRT exist?

@ Question 2: Does it make sense to devise invariant solutions such as Invariant
SPRT to minimize ESS again in two points?

o In Example 1 (testing the mean of the normal population with unknown variance) the
+-SPRT is asymptotically optimal at ¢ = ¢o and ¢ = ¢;, where ¢ = 0 /0 , but the SPRT’s
drawback remains — it is not efficient at other points and performs very poorly around
the worst point ¢* € (g0, q1)-

@ Question 3: Does it make sense to devise an invariant 2-SPRT that is
approximately optimal around the worst point ¢* € (g0, 41)?

@ My personal opinion is negative, and the next slide supports it.

@ On the other hand, a lot of work has been done in these directions, which is good,
but do we need to continue working in these directions? Perhaps not.
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Example 1 (Cont): Testing for Normal Mean with Unknown Variance -

Comparison of +-2-SPRT and ASLRT

@ 1-2-SPRT = parallel running of two one-sided #-tests — asymptotically optimal in the
Kiefer—-Weiss problem of minimizing the maximal ESS among all invariant tests

@ Scenario: error probabilities ap = 107,01 = 107!, ¢ =0/0 > 0 (i.e.,
|log av|/| log 1| = 3 and g1 = 1, go = 0 (indifference interval (0, 1))

@ ASPRT is uniformly better; the difference in the indifference zone is not big, but
increases for g > 1

0 015 1‘ 115 2‘ 215 3
Figure: Asymptotic approximations for expected gample sizes of +-2-SPRT and ASPRT versus
g=10/c (ay=10"3,0; =10"1, q; = 1, g9 = 0).
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e Nearly Minimax Sequential Tests with Kullback-Leibler Information Cost
Measure
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Nearly Minimax Sequential Tests wrt Kullback-Leibler Information Cost

@ Consider testing simple null H, : 6§ = 0, vs composite alternative H, : § € ©,

@ It follows from the previous discussion that the GSLRT, ASLRT and WSLRT
asymptotically minimize the ESS E,T to first order uniformly for all 6 € ©, in the
class C(ao, 1) = {6 : Po(d = 1) < a, supge, Po(d = 0) < a1} @s aimax — 0. In
particular, this is true for the WSPRT with an arbitrary weight (prior) W(6)

@ Question: How to choose W (@) to further optimize performance in some sense,
and in what sense?

@ An appropriate minimax approach is to minimize the expected accumulated
Kullback—Leibler (KL) information in the least favorable situation

SeCtm o) oeo, (UoEoT),
where IyE¢T = Eo[Ar(0, 6y)] is the accumulated KL distance between py and py,

@ This criterion, being natural in its own right, turns out to be “consistent” since for
the WSLRT

19Ep[T (a0, )] = logay ' + %loglogao_] + Co(W) +o(l) as amux — 0,
so it is an equalizer rule up to a constant Cy(W)
@ Idea: Choose W = W* so that Co(W*) does not depend on #, making the WSLRT
an equalizer rule up to the negligible term o(1)
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Nearly Minimax Power One Tests (for simplicity and also hystorically)

@ Open Ended (Power 1) Tests: Continue sampling indefinitely with prescribed
probability Py, (T < oo) = a when Hy is true and accept H, at stopping, which has
to be accepted as soon as possible if H, is true, i.e., minimize E,T for all 6 € ©, to
first order in the class C(a) = {T : Po(T < o0) < a} on one hand and attempt
finding a third-order minimax test 7* on the other,

inf sup (IpE¢T) = sup (IpEeT") +0(1) asa —0
3eC(a) peo, 0co,

@ Pollak’78 was the first who set and solved this problem to second order showing

that, for a one-parameter exponential family with ©, = [, 6],6 > 0, the one-sided
WSLRT

Ty=inf{n: A, >A}, A, = / exp{\J} W(d9) = / exp{6S, — b(0)n} W(d6)
© ©

with any prior W(6) with continuous density w(6) is second-order minimax

inf sup (IpEoT) = sup (I9E¢Ta) + O(1) asa —0
d€C(a) geo, 0co,
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Nearly Minimax Power One Tests (Cont)

@ Nonlinear Renewal Theory yields, as A — oo,

b(0) /1y
I9E¢Ts = logA + log \/log A — %}.},(Zw) + log (e”e +o(1),

Po(Ta < 00) ~ /ng

where 59 = lim,—oc Eg(A-, — a) is the limiting average overshoot in the one-sided
SPRT 7, = inf{n : \! > a} and ¢y = lim,_ Egle™ P =]
@ TakingA = a™" [, Cow(0) df implies Po(T4 < o0) ~ o and setting

W(H):w*(G):M 0 € Oy,

S eJb(0) /1 dt

we obtain that the WSLRT is an almost equalizer rule (up to o(1)):
IoEg[Ta(w")] = |log a] + log(v/|loga|) + M +0(1) as a—0

~ log (/ e / Y dt) 1+10g 1+ log(2m)
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Near Minimaxity of WSLRT for /-dimensional Exponential Families

Theorem

Assume that ©, C © is a finite subset bounded away from zero. Let Tx(w*) be the
one-sided WSPRT whose mixing density is given by

=il
w*(0) = 0 \/det[V2b(0)] /14 ( / >V V20 /If d') , 0eo,
9,
and for which Py(Tx(w*) < oo) = «. If the limiting average overshoot s is a continuous

function on ©1, then as o — 0

inf sup (lgEeT) = sup {IoEo[Ta(w™)]} + o(1)
TeC(a) peo,

o 1, ! _
sup {IoEp[Ta(w*)]} =loga™" + Elogloga "+ M +o(1)
0€0,

where M = log ( Jo, Ge™/det[V2b(1)]/If dz) 1 + log(27)]. Therefore, the one-sided
WSLRT T,(w") is third-order asymptotically minimax.

v
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Near Optimality of WSLRT and WGSLRT for Discrete Hypotheses

@ Implementation Problem: Difficult to implement since in most cases sz can be
computed only numerically

@ Alternative: Discretization of ©;; also N-sample slippage problems (multiple
populations/channels) are discrete by nature:

:jz

p()( HfOX{17 th]'--7 éxj l: ,...,N.

;ét

~

o Discrete mixture LR A, = % | W; ™ or weighted GLR A, = max<icy W; e™
To(W) = inf {n : A,(W) > A} -WSLRT, T4(W) = inf{n Au(W) = A} - WGSLRT
@ Error Probabilities:

' forany A >0

Zl 1 ’<’
A

N
Wi
Po(Ta < 00) < P(TA<oo)\E:T'

Zl 1 ’CI

L= 1+ o(1)), ol < 00) <

Po(TA < OO)
o ESS:

LETy =1ogA + s —logWi + o(1), LET) =1logA + 35 —log Wi + o(1)

(I+0(1), A—
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Near KL-Minimaxity of WSLRT and WGSLRT for Discrete Hypotheses

@ Almost Equalizer Rules wrt KL information if W, = W;" = E" ’ =
j=1°¢

N

LETA(W*) = logA + log (Ze”f) +0o(1), A— oo

j=1

Fellouris&Tartakovsky’12

Suppose that Ei|\i|* < co and X, are P;-nonarithmetic fori = 1,...,N. If the mixing
distribution is chosen as W, = —¢~— and the threshold as A = o' 3 I, W;'¢;, then

=1

Po(Ts < 00) = a(l 4 0(1)), Po(Tx < 00) < a1 4 0(1)) as o — 0 and

re‘é‘(fa> i (LET) = izt{{ﬁ{gN{IiEi[TA(W NI} +o(1),

Jnax {IE(Ta(W)]} = |loga] +log (Z Qe”’) +o(1).

j=1

Therefore, both tests are third-order asymptotically minimax.

v
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Near Minimaxity of the WSLRT: Monte Carlo

@ Gaussian Example: H : po(x) = ¢(x) and H, : pi(x) = o(x — i) fori = 1,2, 3,
where o(x) = (2) /%2 is the standard normal pdf, i.e., N = 3

Table: The maximal expected accumulated Kullback—Leibler information max; (Z;E;[T4(W)])
for optimal and uniform mixing distributions W* and w*

(a) Optimal mixing distribution (b) Uniform mixing distribution

o || Monte Carlo | Approximation o || Monte Carlo | Approximation
107! 4.99 4.31 10~! 5.04 5.52
10—2 6.36 6.61 10—2 6.88 7.82
10—4 10.99 11.21 104 11.87 12.42
10—° 15.65 15.82 10— 16.59 17.03
10-8 20.33 20.42 10~8 21.29 21.63

@ Average KL information is somehow smaller for the optimal weight, but can we
really conclude something definite?

@ So maybe an alternative approach is in order
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Near Bayes Optimality

@ Prior Distribution of Subhypotheses: = = (71,...,7v), m = P(p = pi)

@ Weights: W; = 7;/((il;)(to compensate for overshoots, ¢; = lim,— o e*(”m"”)

Fellouris&Tartakovsky’13

Theorem

Suppose E;|\i|* < co. If the mixing distribution is chosen as Wi = m:/(G:l;) and
A=a 'SV WiG, then Po(Ta < o0o) = a(l + o(1)), Po(Tx < 00) < a(1 +o(1)) and

N
T .
: T — 71 F<i ; ; 1
Telg(fa)E = E T [|loga| + log(e”¢;) —|—C(7r)] +o(1),

E™[Ta(W(m)] = inf ETT+o(1).

i=1

where E™ = Y mE: and Ci() = log(zl.v: ] ’1'—11) — log 7t. Therefore, both tests are

Ui
third-order asymptotically m-Bayes. )

Lie*i

@ Previous KL Minimaxity: =;" = ST Li = L¢
‘7=
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Robust Selection of Weights

@ Performance Loss under P;:

iy o T (M = Eilrt | o8[S (/)] et —loem
' Eil7l,] [log af + 5 + log ¢; oS

where T(;'a is the one-sided SPRT for testing p, against p; with error probability .

@ Priors: #; oc Lie™, 7r{ o I, 71'14 o L, it oc 1

First Channel (6 =4) Second Channel (6 =x)

Ji(p)
Jelp)
| |

000 005 010 015 020 025 030

Figure: Performance loss for different prior distributions in a multichannel slippage problem
with exponential data f (X)) = e, f1(X}) = (1 4 6;) e %/ (1+0)

@ Conclusion: 7/ and 7~ lead to a more robust behavior, since the resulting performance
loss is relatively low and stable for various signal strengths.
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Monte Carlo: Comparison of WSLRT and GSLRT

@ Exponential Slippage Model: 3 channels with 0, = 0.5,0, = 1, 65 = 2; prior =’
(most robust)

@ Dashed line = the asymptotic approximation for ESS of WSLRT/GSLRT; solid line
= the asymptotic performance of the SPRT; circles = MC WSLRT; triangles = MC
GSLRT

First Channel Second Channel Third Channel

140
L
as

100 120
. |
3t
o

80
L
Expected Sample Size
30
L L L
Expected Sample Size

Expected Sample Size

>

40
L
15

~logug(a) ~login(e) ~logig(a)

Figure: Simulated expected sample size of WSLRT (circles) and GSLRT (triangles) under P;
against error probability in logarithmic scale, i = 1,2, 3.
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@ Multidecision Problems
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A General Multidecision Problem

@ The (-dimensional parameter 6 = (6, ...,0;) € © C R*; hypotheses are
N
Hi59€@i7 i:071,...7N, @:Z@,«Hm
i=0
@ Frequentist Problem
o Probabilities of Errors: «;;(3,0) = Po(d = j)I{sco,} (i-€., test terminates with a
particular incorrect decision d = j, j # i) or 3i(6,0) = Pg(d # i) lgce,} (i-€., test
terminates with any incorrect decision) and the corresponding classes of tests

C(layll) = {5: sup ;(0,0) < oy, i,j =0,1,...,N, isﬁj}
0€0;

C(B) = {5: sup S3i(4,0) < B, i:O,l,...,N}

6co;

o Find a test §. = (T, dx) (or tests) that would minimize the ESS E,T or more generally
higher moments if the sample size Ey7", r > 1 approximately (asymptotically) when
Omax = Max;j aj, Bmax = max; 3; are small:

inf EgT" ~ EyT, forall 6 € © as amax — 0
SEC(|leysl])

@ General Non-iid Stochastic Model:
po(Xi) = [[re(X/Xi™), Xi=(x1,....X)
k=1
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Multihypothesis (Matrix) SPRT for Simple Hypotheses

@ Multiple simple hypotheses: H; : p(X}) = pi(X}),i =0,1,...,N
@ Classes of Tests:

(C(HOK,/H) = {6 : alj(é) = Pl(d :J) < Qijj, la.]: 07 17 ce 7N> 175‘]}7
(C(a) = {(5 : Oéi((S) = P,(d;é i) < (78 iIO, 17...,N}

@ LRs and LLRs: x1)
PilA
A," n)= N )\," n)= 10gA,~ n
i) = Dy i) 4(n)
@ Matrix SPRT (MSPRT) 6y = (T, dy): For a threshold/boundary matrix A = ||A;]],
MSPRT is defined as:

stop at the first n > 1 such that for some i A;(n) > A; forallj#i

and accept the (unique) H; that satisfies these inequalities.
@ Alternatively, MSPRT can be written as

T;:min(TmTl,...,TN), d;:l' if T; =T..
T; = inf {n >1: )\io(n) > max [)\jo(l‘) + a,-,-]} , i = IOgAji

ISV
J#i

@ Note that for N = 1 this test coincides with Wald’s SPRT.
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Asymptotic Optimality Properties of MSPRT in the iid Case

@ Upper Bounds for Error Probabilities of MSPRT (true in general):

Oé; = a,«j(é*) < e_‘/l"/7 a?‘ = Oé,'(é*) < Ze_al/
#i
aji = log(1/ay;) implies 6* € C(||ey]); ai = aj = log(N/qy) implies 6™ € C(a)

@ First-order Asymptotic Optimality in the iid Case [T'98]: If ¢; = log(1/cy;) and
KL numbers I; = E;[\;(1)] are positive and finite, then for all r > 0

ET" ~ E|T*] ~ max [M} as amw — 0 forall i=0,1,...,N.

inf
SeC(|feyl1) 1SN
J#i

@ Third-order Optimality in the iid Case [Lorden’77]: If E;[\;]* < oo and if for any

[|Bij]| (B; > 0, i # j), the thresholds a; = log(B;i/c), then
EiT"(c) = inf EiT+0(1) as ¢—0 forall i=0,1,...,N,

seC(llag (1)

ET (c)= inf ET+o(l) as ¢c—0 foral i=0,1,...,N,
5EC(e* ()

i.e., the MSPRT §*(c) asymptotically minimizes the expected sample sizes for all
hypotheses to within o(1) as ¢ — 0 among all tests whose error probabilities «;;(d)
are less or equal to those of §* as well as whose error probabilities «;(d) are less

or equal to those of §*.

ij
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Accurate Asymptotic Approximations in the iid Case

@ Very accurate asymptotic approximations for ESSs can be obtained using
nonlinear renewal theory [Dragalin, T., Veeravalli’00]:

+o(l) as amn — 00,

a; hmi2 hmiz
i hmi e ’ . 1 Cmi
i hmiy[ 70+ G St G,

ET =+
I

i

where r is the number of symmetric hypothesis, #,,; is the expectation of
maximum of m normal random variables, s is an average limiting overshoot, and

Cn,i is a constant.
@ Unfortunately, for error probabilities we can obtain only bounds also accounting for

overshoots, and these bounds are not too accurate.
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Asymptotic Optimality Properties of MSPRT in the General Non-iid Case

@ Notation: Z;;(n) = E;[\;(n)] — the accumulated KL information in the trajectory X.
@ Assumption 1: There exist a non-negative increasing function «(n) (¢(c0) = o)
and positive and finite numbers 1;, i = 0, 1, ... N such that

/\ij(n) P;—a.s. . . )
D(n) aoe i O BI=01 N, i
@ Asymptotic Lower Bounds: Under A 1 forall» >0andalli=0,1,...,N
inf E;T' > |:\II (max M)} (l + 0(1)) as max oy — 0,
SeC(||agll) i I; i

Q)

inf ET > {\I/ (maxM)} (I+0o(1)) as maxa; — 0,

seC(a) J# i i
where ¥(¢) is the inverse function for ¢ (z).

@ Upper Bounds and Optimality in the Non-lid Case [T°98]: A proof of MSPRT'’s
asymptotic optimality is based on showing that the above lower bounds are

attained for the MSPRT with thresholds a;; = log(1/c), i.e.,

inf ET" ~ E[T"] ~ max [H()gia,q as amw — 0 forall i=0,1,...,N.
SeC(||ayll) 1SN ij
JF#i
@ But it requires much stronger conditions than the SLLN for the LLRs, which are
discussed on the next slide

Alexander Tartakovsky (USC) Sequential Hypothesis Tests July 17,2013 46 /57



Asymptotic Optimality of MSPRT in the General Non-iid Case (Cont)

@ Assumption 2: Strengthening Assumption 1 into the r-quick version
b>e

[Strassen’67, Lai’76]
Ei[Lj(e)]" < oo foralle > 0, where L;(z) = sup {n : '%n))\,;/(n) — I
is the last time the normalized LLR \;(n) /v (n) leaves the region [I; — ¢, I; + €].
@ This r-quick convergence condition will be written as
Ny(n) /() S
@ Note that the a.s. convergence condition is equivalent to P; {L;(¢) < oo} =1
@ The r-quick convergence condition is very close to the following condition:

S on T Pi{INy(n) () — Iy| > €} < oo foralle >0,

n=1
which is sufficient for obtaining both lower and upper bounds, i.e., for asymptotic
optimality wrt to moments of the stopping time distribution.
@ Also, the following two one-sided (right and left tail) conditions are sufficient:

S { s < -9 <oo foralle> 0
n=1

. 1
P —— . > " —
Lllm P; {w(L) [max Aij(n) = (1+ s)[l,} 1 foralle >0
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Asymptotic Optimality of MSPRT in the General Non-iid Case (Cont)

Theorem
Assume that there exist finite positive numbers I;, i,j = 0,1, ..., N, i # j and an increasing
nonnegative function 1 (n) such that for some r > 0

Nj(n) /ap(n) S0 forall ij=0,1,... N, i #j

n— 00
(or any other relaxation given on the previous slide holds).
(i) Foralli=0,1,...,N
E|T*]" ~ [\IJ (max l):| as mina;; — oo.
JF#i 1[/ Jsi
(ii) If the thresholds are selected so that c;;;(6*) < a;; and aj; ~ log(1/wi), in
particular aj; = log(1/wy;), thenforalli =0,1,...,N
log aji| \ 1"
inf  E[T] ~ E[T*] ~ [qf (max M)] as max oy — 0.
deC(l|ayll) #i ij
(iii) If the thresholds are selected so that o;(0*) < oy and aj; ~ log(1/cy), in
particular aj; = 1og(N/«y), then foralli = 0,1,...,N

1 . r
inf EfT)" ~ E[T*] ~ [xp (max M)] as maxa; — 0.
s5eC(a) j# 1 i
Consequently, the MSPRT minimizes asymptotically moments of the stopping
time distribution up to the order r for all hypotheses Hy, . . ., Hy in the

corresponding classes of tests.

v
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Multisample Slippage Problems and Examples

o LetX; = (Xi4...,Xn,), N > 2, be an N-component process observed either in
discrete or continuous time. The component X;, corresponds to the observation in
the j-th population (or channel, sensor, data stream, etc.), and it is assumed
components are mutually independent but may have a fairly general structure.
Write X' = {X,,,0 < u <1} and X} = {Xeu, 0 < u < 1}

@ Hypotheses:

H, : all components have the same distribution (measure) Py
H; : the i-th representative has a different distribution (measure) P;

@ LLR:

1]
i

dP dP! dP!
\ii(t) := log P = log aP — log —dpé
J

depends on the observation process X; through the components X;, and X; ;.

@ Variety of Applications:

@ Ranking and selection problem in which the goal is to select the best population (either
all populations are identical or one of them has slipped to the right of the rest, and if so,
which one is the best?)

o Detection and identifications of objects in multi-channel or multi-sensor
systems/networks (detect an object, if any, and identify a channel where it is located)

(X)) (X5) (X5)
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Example 1: Testing for a Nonhomogeneous AR Sequence in Multichannel System

@ If H; is true X;,, = Si(n) + &(n); if wrong X;,, = &(n), where S;(n) are deterministic
and noise processes {&;(n)}.>1 are stable first-order AR Gaussian sequences
&(n) = %i&(n — 1) + G(n), Gi(n) ~ N(0,07)

@ LLRs

n

ZSI tk ZSI Z[S‘,Z(k) - sz(k)L

Xi(k) = o7 ' Xi(k) — 7iXi(k — 1)], Si(k) = o7 "[Si(k) — 7iSi(k — 1)]
@ Iflimyyoon “ >0 S7(k) = ¢ for some 0 < ¢; < oo and £ > 0, then

nNj(n) = (gi 4+ ¢;)/2 Pi —r —quickly for all r > 0 (go = 0)
@ By Theorem, the MSPRT is asymptotically optimal minimizing all positive
moments of the sample size,
2/1 min) /¢ ifi=1,...,N
inf T ~ B[] ~ | Cllogaol/a )/Z o ’
SeC([|ayl| (2]log ai|/gmin)* ifi=0,
where gmin = min <<y ¢; is the minimal SNR in channels and where we assumed

that the false alarm probabilities a; = ao and the misdetection probabilities
ajo = o do not dependent on channel numbers.
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Example 2: Continuos-time Detection—Identification in a Multichannel System

@ The i-th component admits a stochastic differential equation

I — Si(t)dt + Vi(t)dt + o; dWi(t) if H; is true
YT Viln)de + s dWi(t) if H; is wrong,

where S;(¢) is a deterministic signal, W;(r) is a standard Brownian motion, and
Vi(t) is an L,-continuous Gaussian process (o; > 0)
@ The LLR (under the hypothesis H;) can be written as

)\j (l‘) _ Crlk fotgk M dﬁ’k(u) %,uk(t) IkaJ
10 = fo Sk(w) dWi(u) — () ik #J,

where u(t) = o, fo S7(u) du is the SNR in the k-th channel at the output of the

whitening filter and W; (¢) is the Brownian motion (innovative process) statistically
indistinguishable from Wi(r).
@ Assuming that lim,_, . su(t)/t* = gi for some ¢ > 0, we obtain that for all » > 0

P;,—r—quickly 1
B

N (1) - E(qi—i_Qj)’ i,j=0,1,...,N,i#j (q0=0)

@ By Theorem, the MSPRT minimizes asymptotically all positive moments of the
stopping time distribution.
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Example 3: Continuos-time Detection of Stochastic Signal

@ The i-th component has the stochastic differential
Si(t)dt + o; dW;(t) if H; is true
dX;; = . .
o dW;(1) if H; is wrong,

where W;(r), i = 1,...,N are mutually independent standard Brownian motions, and the
signals S (), ..., Sn(r) are statistically independent Markov Gaussian processes,

E[Si(0] = 0, E[Si(0)Si(t +u)] = dF exp(—pi lul), E[Si(1)S;(1)] =0, i #j (pi,d; > 0)
@ The LLR can be written as
1 1
w0 = 3 [[sw s % [swanw - [{sw/en - 5o} o
where S;(r) = E[Si(r)[X[] is the optlmal mean-square filtering estimate of S;(7) that satisfies
the Kalman equations.
@ Cumbersome argument shows that in the symmetric case p; = p,d; = d, o, = o (only for

simplicity!) for all r > 0
d? .
1 P:—r—quickl e for P50
;A’/(I) %)IU: { e (1+ e )zdz f i—0
\/ﬁ(1+\/ﬁ)2 75z tor =0,
where Q = 2d*/(po?) is the SNR.

@ By Theorem, the MSPRT minimizes asymptotically all positive moments of the stopping time
distribution.

Alexander Tartakovsky (USC) Sequential Hypothesis Tests July 17,2013 52/57



Example 4: Generalized Multisample -Test

@ Hy: Xz, =0 +&((n),k=1,...,Nand H; : Xip =04 i + {,-(n);Xk,,, =0+ &(n),k # i,
where &;(n) ~ N(0, %) and both 6 and o2 are unknown nuisance parameters. We wish to
testHy : py /o =0k =1,...Nand H; : y /o =0fork #iand pj/oc =¢i,i=1,...,N

@ The problem is invariant under change in location and scale, the maximal invariant is a
vector of Yin = X — X1 1]/ (X1 = X10], Y10 = 0,12, =1

@ LLRs:
N (. N o
Nj(n) = log m - @ = 1@ = [ el () de
k=1 = {m)=1 Sy S e — X2}
@ Quite tedious argument shows that n~! \;;(n) converges P; — r — quickly to
1y = N16(00) ~ 6(0)] — Lt — ), where g, = =14

N2\ /1 (N = 1)g2/N?

qiqj 1
Q= - v o) = 1t (y+\/4+y2)+log(y+\/4+y2).
Tl (V- g/ 4

@ By Theorem, the MSPRT minimizes asymptotically all positive moments of the stopping time
distribution.
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Example 5 : The Case of Infinite ESS

@ Deterministic signal plus white noise model:
dX (1) = S(¢) + dW(r)
where W(z) is a standard Brownian motion and S, = [A*(1 + 1)]~'/?, so that the
energy of the signal grows very slowly,
u(t) = qip(t) = qlog(1 + 1), where g =A*/o".
@ The normalized LLR converges almost surely to ¢/2:

1 P|—as. 1 Pp—a.s.
A 2 A —q/2
log(l + t) HPERSS 4/2, log(l + t) HPEROSS a/

@ However, the r-quick convergence does not hold for any r > 1 since

/OOO P, (IW,| > elog(1 + 1)) dr = 4/oo u (e"z - 1) ) (—su/\/ﬁ) du = co.

0

@ For symmetric SPRT with —ap = a1 =aandg =1
ET cosh(a/2)

[ cos(v/7a/2) — 1
so the ESS is infinite for the error probability o < (1 + ¢™ V7)™ ~ 0.301.

if0<a<7r, ET =ocoifa>7"""r,
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THE END

THANK YOU!
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